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ABSTRACT 
The paper entitled “A nyugalmi nyomás tényezője” (The coefficient of pressure at rest) of Dr. 
Jozsef Jaky (1944) is perhaps one of the most cited in geotechnical engineering due to the 
importance of its still relevant proposals for solving any geotechnical problem. However, in a 
significant number of documents references to original article are generally limited to a 
simplified equation for calculating the k0. As the original article by Dr. Jaky was published in 
Hungarian, it is common to find references that are unaware that the method proposed to 
determine k0 is analytical and not empirical, and that it is applicable to granular materials of 
any type, including cereals. The present paper presents a rigorous version of the original 
article by Dr. Jaky, unambiguously presenting the formulations and the limits of validity 
behind the widely-known Jaky’s Law. 
KEYWORDS: k0; coefficient of earth pressure at rest; granular materials; Jaky’s law. 

 

CONCEPT OF NATURAL EARTH PRESSURE 
The pressure exerted by a soil or any granular material on a retaining wall that does not 

move laterally, tilt, or tip over, is known as earth pressure or pressure at rest. This pressure exists 
on any plane of the earth’s crust. Experimental studies (Terzaghi, 1925) and technical studies 
(Gersevnoff, 1936)  show that for the state of stress at rest, the ratio between the horizontal and 
vertical principal stresses is constant at any point in a loose granular material, i.e.: 

𝜎𝜎2 = 𝑘𝑘0 𝜎𝜎1 (1) 

For example, experiments by professor Terzaghi show that in sand the coefficient of 
pressure at rest, 𝑘𝑘0, is equal to 0.42 (Terzaghi, 1925). 

Likewise, in cohesive soils Gersevnoff (1936) determined that: 

𝜎𝜎2
𝜎𝜎1

= 𝑘𝑘 −
𝑟𝑟
𝜎𝜎1

 (2) 

i.e. that the coefficient of pressure at rest varies hyperbolically, for example in clayey soil: 
𝜎𝜎2
𝜎𝜎1

= 0.65 − 0.21
𝜎𝜎1

. 
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The state of stress at rest is presented in a mass of earth of infinite horizontal extent. Due to 
the size of this mass, a vertical wall of earth, AB (Fig. 1), will not move horizontally and any 
movement in the vertical is due entirely to the compacting of the material under its own weight. 

It can be shown that with an infinite mass of earth, the directions of the principal stresses 
are vertical and horizontal, since according to the Cauchy equation (Fig. 1): 

𝜕𝜕𝜎𝜎𝑦𝑦
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= γ

𝜕𝜕𝜎𝜎𝑥𝑥
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0
⎭
⎪
⎬

⎪
⎫

 (3) 

Differentiating by parts, gives that 𝜕𝜕𝜎𝜎𝑥𝑥
𝜕𝜕𝑥𝑥

= 0 and  𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

= 0, and therefore 𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦

= 0, i.e.: 

𝜕𝜕 = 0 (4) 

Thus, the stresses in the direction of σy and σx are the principal stresses, and therefore: 

𝜎𝜎𝑦𝑦 = 𝜎𝜎1 = 𝜕𝜕 γ (5a) 

𝜎𝜎𝑥𝑥 = 𝜎𝜎2 = 𝑓𝑓(𝜕𝜕) (5b) 

 

Figure 1: State of stress in a mass of earth of infinite horizontal extent 

According to equation (1) the relation between the principal stresses σ1 and σ2 is constant, 
and as a result: 

𝜎𝜎2 = 𝑘𝑘0 𝜎𝜎1 = 𝑘𝑘0 𝜕𝜕 γ (6) 
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Due to the above, the distribution of stress of the earth pressure is triangular and its 
resulting, which acts at 1/3 of height h (Fig. 1), is calculated as: 

𝐸𝐸 = 𝑘𝑘0  
ℎ2𝛾𝛾

2
 (7) 

For a retaining wall AB with an inclined back face at an angle β (Fig. 2), the resulting 
pressure has a component, E0, acting on a vertical cross-section, and a component, G, 
corresponding to the weight of the prism of soil ABB0. From the polygon of vectors we have: 

𝐸𝐸 = �𝐺𝐺2 + 𝐸𝐸02 (8) 

where: 𝐺𝐺 = ℎ2𝛾𝛾
2

cot𝛽𝛽 and 𝐸𝐸0 = ℎ2𝛾𝛾
2
𝑘𝑘0, therefore: 

𝐸𝐸 =
ℎ2𝛾𝛾

2
�cot2 𝛽𝛽 +  𝑘𝑘02 (9) 

and the direction of the natural earth pressure is: 

tan(90° − 𝛽𝛽 + 𝛿𝛿) =
𝐺𝐺
𝐸𝐸0

=
cot𝛽𝛽
𝑘𝑘0

 (10) 

or 

tan 𝛿𝛿 =
1 − 𝑘𝑘0

cot𝛽𝛽 + 𝑘𝑘0 tan𝛽𝛽
 (11) 

 

Figure 2: Natural earth pressure on a wall with an inclined back face 
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As the components of E (E0 and G) are applied to the lower third of the line AB (Fig. 2), 
the natural earth pressure E is generated at that point. Thus: 

𝑠𝑠0 =
𝑠𝑠
3

 (12) 

The most general case of natural earth pressure can be calculated using equations (9) – 
(12), as magnitude, direction and point of application of the force are known. However, this 
calculation requires the value of k0, which as far as is known can only be determined 
experimentally. 

The following section demonstrates that experimental evaluation of k0 is not necessary. In 
frictional materials, k0 is simply and unequivocally related to the friction angle, ϕ. Therefore, 
when the angle ϕ is known, the factor k0 can be determined easily by the analysis of a natural 
slope. 

For a granular material stacked as a triangular prism, Coulomb’s friction theory can be 
used to demonstrate that: 

𝛼𝛼𝑚𝑚𝑚𝑚𝑥𝑥 = 𝜑𝜑 (13) 

is the natural slope of the prism, whose magnitude is equal to the friction angle of the granular 
material, ϕ, both of which are independent of the height, h (Fig. 3). The prism OAB is in 
equilibrium and its surface and interior points are motionless. Therefore, the pressure that acts on 
the vertical cross-section OC is the pressure at rest. If the state of stress is known, the pressure on 
OC can be determined as a function of the friction angle, ϕ. Therefore, using equation (7) the 
desired function can be found, i.e.: 

𝑘𝑘0 = 𝑓𝑓(𝜑𝜑) (14) 

 

Figure 3: The natural slope 
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STATE OF STRESS IN A MASS OF EARTH WITH 
LATERAL BOUNDARIES ON A NATURAL SLOPE 
Studies involving earth pressure problems in soil masses inclined at an angle ϕ (Jaky, 

1943) show that there are some slide planes that are inclined with regard to the horizontal, at an 
angle of  α = ϕ, while others cross the first type at an angle of (90 - α) and are therefore oriented 
vertically. However, the slide planes exist only up to the OB plane (Fig. 4), i.e. they are present in 
zone I of the earth mass. The slide planes cannot extend into zone II (Fig. 4), since that would 
mean that the plane OC is a slide plane. Since OC is a symmetry plane, shear stresses do not 
develop, τ = 0. Therefore, OC is a principal stress trajectory and is not a slide plane. 

In zone I, the angle between the slide planes (90° - ϕ) is bisected by the stress trajectories. 
Therefore, in zone I the principal stress trajectories form an angle with the horizontal, defined as: 

𝛼𝛼1 = 45° + 𝜑𝜑
2
, (15) 

and the last principal stress trajectory is in the OB plane, since it passes through the upper end of 
the surface of the mass of earth. In Fig. 4, the slide planes are drawn on the left and the principal 
stress trajectory on the right. The state of stress in zone I is fully known, where shear stress is a 
linear function in x and y coordinates, which are deduced from the condition of equilibrium as 
follows: 

𝑡𝑡 = 𝜕𝜕 𝛾𝛾 sin φ cos φ− 𝜕𝜕 𝜕𝜕 sin2 φ (16)  

Substituting the Cauchy’s differential equations, the stresses in the x and y direction can be 
determined in the following way: 

𝜎𝜎𝑦𝑦 = 𝑡𝑡
1 + sin2 𝜑𝜑
sin𝜑𝜑 cos𝜑𝜑

𝜎𝜎𝑥𝑥 = 𝑡𝑡 cot𝜑𝜑

𝜕𝜕 = 𝑡𝑡

   

⎭
⎪
⎬

⎪
⎫

 (17) 

On the OB plane (Fig. 4) 𝜕𝜕1 = 𝜕𝜕 tan �45° − 𝜑𝜑
2
�, and the shear stress is calculated as: 

𝑡𝑡 = 𝜕𝜕1 𝛾𝛾 sin𝜑𝜑 (18) 

The stresses in the x and y direction are: 
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𝜎𝜎𝑦𝑦1 = 𝜕𝜕1 𝛾𝛾 
1 + sin2 𝜑𝜑

cos𝜑𝜑

𝜎𝜎𝑥𝑥1 = 𝜕𝜕1 𝛾𝛾 cos𝜑𝜑

𝜕𝜕1 = 𝜕𝜕1 𝛾𝛾 sin𝜑𝜑

   

⎭
⎪
⎬

⎪
⎫

 (19) 

 

Figure 3: Slide planes in a motionless mass of earth 

The stresses in zone II cannot yet be determined, as the trajectories of the principal stresses 
and the slide planes are unknown. Though OB and OC are the main planes, the planes between 
them originating from O are not (Fig. 4), since if they were, the logarithmic spiral curves that 
intersect at an angle of (45° - ϕ/2) would be slide planes. Prior studies (Jaky, 1944) have shown 
that in an earth mass, multiple slide planes may only be a family of planes. 

In a triangular prism of soil, OBC (Fig. 4), no slide planes are developed and at failure, it 
can only slide over one plane. Under these conditions, the stresses in zone II can be determined as 
shown below. 

Firstly, the values of the shear stress τ are zero along OC and are equal to τ1 (τ = τ1) on the 
plane OB. Assuming that the variation of τ between these two values can be represented as a 
second order parabolic function in terms of x, for any coordinates x and y, τ is therefore defined 
as: 

𝜕𝜕 = 𝜕𝜕1
𝜕𝜕2

𝜕𝜕12
 (20) 

Substituting the values of τ and x as defined above gives: 

𝜕𝜕 =
𝜕𝜕2

𝜕𝜕
𝛾𝛾 sin𝜑𝜑 tan �45° +

𝜑𝜑
2
� (21) 
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The other two stresses (σy and σx) can be determined using equation (21) and Cauchy’s 
equilibrium equations, as follows: 

𝜕𝜕𝜎𝜎𝑦𝑦
𝜕𝜕𝜕𝜕

= 𝛾𝛾 −  
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛾𝛾 −  
2𝜕𝜕
𝜕𝜕

 𝛾𝛾 sin𝜑𝜑 tan �45° +
𝜑𝜑
2
� (22) 

from which we have the following: 

𝜎𝜎𝑦𝑦 = 𝜕𝜕 𝛾𝛾 −  2𝜕𝜕 𝛾𝛾 sin𝜑𝜑 tan �45° +
𝜑𝜑
2
� ln𝜕𝜕 + 𝑓𝑓(𝜕𝜕) (23) 

 

Figure 4: Distribution of shear stress, τ 

On the line OB (Fig. 5): 

𝜕𝜕 = 𝜕𝜕1 tan �45° +
𝜑𝜑
2
� (24) 

and 

𝜎𝜎𝑦𝑦 = 𝜕𝜕1 𝛾𝛾 
1 + sin2 𝜑𝜑

cos𝜑𝜑
 (25) 

Substituting the previous expression in equation (23): 



Vol. 21 [2016], Bund. 05 1782 
 

𝑓𝑓(𝜕𝜕) = 2𝜕𝜕 𝛾𝛾 sin𝜑𝜑 tan �45° +
𝜑𝜑
2
� ln �𝜕𝜕 tan �45° +

𝜑𝜑
2
�� 

− 𝜕𝜕 𝛾𝛾 sin𝜑𝜑 cot �45° +
𝜑𝜑
2
� (26) 

therefore: 

𝜎𝜎𝑦𝑦 = 𝜕𝜕𝛾𝛾 − 2𝜕𝜕 𝛾𝛾 sin𝜑𝜑 tan �45° +
𝜑𝜑
2
� ln

𝜕𝜕

𝜕𝜕 tan �45° + 𝜑𝜑
2�

− 𝜕𝜕𝛾𝛾 sin𝜑𝜑 tan �45° −
𝜑𝜑
2
� 

(27) 

On the vertical line OC, x = 0. Therefore, from equation (27): 

𝜎𝜎𝑦𝑦0 = 𝜕𝜕 𝛾𝛾 (28) 

As such, the vertical state of stress on OC is the same as in an earth mass of infinite extent 
(see equations (4) and (6)). 

In order to determine σx, the following must be considered: 

𝜕𝜕𝜎𝜎𝑥𝑥
𝜕𝜕𝜕𝜕

= −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕2

𝜕𝜕2
 𝛾𝛾 sin𝜑𝜑 tan �45° +

𝜑𝜑
2
� (29) 

where: 

𝜎𝜎𝑥𝑥 =
𝜕𝜕3

3𝜕𝜕2
𝜕𝜕 sin𝜑𝜑 tan �45° +

𝜑𝜑
2
� + 𝑔𝑔(𝜕𝜕) (30) 

For x = 0, σx = σx0, therefore g (y) = σx0. In addition, at 𝜕𝜕1 = 𝜕𝜕 tan �45° + 𝜑𝜑
2
�, i.e. on the 

line OB from equation (19): 

𝜎𝜎𝑥𝑥 = 𝜎𝜎𝑥𝑥1 = 𝜕𝜕1 𝛾𝛾 cos𝜑𝜑 = 𝜕𝜕 𝛾𝛾 (1 − sin𝜑𝜑) (31) 

Substituting σx in equation (30): 

𝜎𝜎𝑥𝑥0 = 𝜕𝜕 𝛾𝛾 (1 − sin𝜑𝜑)
1 + 2

3 sin𝜑𝜑
1 + sin𝜑𝜑

 (32) 
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According to equations (28) and (32), the coefficient of earth pressure is defined as: 

𝑘𝑘0 =
𝜎𝜎𝑥𝑥0
𝜎𝜎𝑦𝑦0

=  (1 − sin𝜑𝜑)
1 + 2

3 sin𝜑𝜑
1 + sin𝜑𝜑

 (33) 

or 

𝑘𝑘0 =  �1 +
2
3

sin𝜑𝜑� tan2 �45° −
𝜑𝜑
2
� (34) 

The relationship between k0 and ϕ is shown in Fig. 6. For example, for ϕ = 30°, 𝑘𝑘0 = 4
9

=
0.44. 

If a function 𝑧𝑧 =
1+23 sin𝜑𝜑

1+sin𝜑𝜑
 is represented in a coordinate system (𝑧𝑧, sin𝜑𝜑) (Fig. 7), 𝑧𝑧 ≅ 0.9 

for a range of values of ϕ from 20° to 45°. Consequently, k0 can be simplified to: 

𝑘𝑘0 = 0.9 (1 − sin𝜑𝜑) (35) 

The value of the coefficient of pressure at rest is very important for solving earth pressure 
problems, especially for calculating pressure in silos. Table 1 presents a summary of the friction 
angle, unit weight and coefficient of pressure at rest for different materials, including cereal 
grains and mining products. 

 

Figure 5: Values of coefficient k0 as a function of ϕ 
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Figure 6: Representation of the function z = f (sinϕ) 

Table 1: Friction angle, unit weight and coefficient of pressure at rest for different materials 

Material Friction angle, ϕ Unit weight, 
ton/m3 

Coefficient of 
pressure at rest, k0 

Mud 20° 1.90 0.593 
Fine sand 26° 1.90 0.505 

Coarse sand 32° 1.80 0.416 
Gravel 35° 1.80 0.378 
Wheat 30° 0.80 0.445 
Rye 29° 0.75 0.459 
Corn 36° 0.70 0.361 

Cement 40° 1.40 0.310 

SUMMARY 
For a vertical wall that does not move laterally, the retained non-cohesive granular material 

exerts a natural earth pressure that can be expressed as 𝐸𝐸0 = 𝑘𝑘0𝜕𝜕2𝛾𝛾. Therefore, for an inclined 
wall, the natural earth pressure can be calculated using equation (9). The author demonstrated that 
the pressure on a vertical line passing through the highest point of a triangular prism of soil with a 
natural slope is equal to the earth pressure at rest. In zone II (Fig. 2) of the soil prism, using the 
friction angle ϕ and the assumption stated in equation (20), the states of stress can be determined 
and the coefficient of earth pressure, k0=f(x), can be calculated using equations (33) or (34). 

Table 1 shows a summary of the values of the coefficient of pressure for several different 
granular materials. 
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